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Abstract
We study phonon-mediated damping of mechanical vibrations in a finite quantum-mechanical
atomic-chain model. Our study is motivated by the quest to understand the quality factors (Q) of
nanomechanical resonators and nanoelectromechanical systems (NEMS), as well as actual experi-
ments with suspended atomic chains and molecular junctions. We consider a finite atomic chain
which is coupled to a zero-temperature outer environment, modeled as two additional semi-infinite
chains, thus inducing “clamping-losses”. Weak coupling to the outer environment ensures that
the clamping losses are small, and that the initially discrete nature of the phonon spectrum is ap-
proximately maintained. We then consider a phonon damping process known as “Landau-Rumer
damping”, where phonons in the excited mode of vibration decay into other modes through an-
harmonic phonon-phonon interaction. The approximately discrete nature of the phonon spectrum
leads to sharp nonmonotonic changes in Q as parameters are varied, and to the appearance of
resonances in the damping. The latter correspond to the existence of decay processes where the
participating phonons approximately conserve energy. We explore means to control the damping
by changing either the number of atoms in the chains or the ratio between the longitudinal and
transverse speeds of sound, thereby suggesting future experiments to observe this resonance-like
behavior.
PACS numbers: 62.25.-g, 63.20.kg, 85.85.+j, 63.22.-m
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I. INTRODUCTION
Understanding of the factors that determine Q of nanomechanical resonators and of
NEMS remains central for the development of their applications. These applications in-
clude low phase-noise oscillators;1 highly sensitive mass,2 spin,3 and charge detectors;4 and
ultrasensitive thermometers5 and displacement sensors.6 The ability to manufacture high-Q
nanoresonators is also important for basic research in the mesoscopic physics of phonons,7
and the general study of the behavior of mechanical degrees of freedom at the interface
between the classical and the quantum worlds.8–11 A variety of different mechanisms—
such as internal friction due to bulk or surface defects,12 damping due to phonon-phonon
interaction,13,14 clamping losses,15 and electron-phonon interaction16—may contribute to the
dissipation of energy in mechanical resonators and thus impose limits on their Q. The
dissipated energy is transferred from a particular mode of the resonator, which is driven
externally, to energy reservoirs formed by all other degrees of freedom of the system. Here,
we focus our attention on damping due to phonon-phonon interaction arising from energy
transfer between the driven mode and the rest of the modes of the nanoresonator.
The damping of sound waves due to phonon-phonon interaction in bulk insulators was
extensively studied since the 1930’s.17–19 Phonon-phonon interaction also plays a central
role in determining the lifetime of bulk phonons, as it is expressed in neutron scattering
experiments.20,21 One can consider several regimes of dissipation that are determined by
the product ωτ , where ω corresponds to the frequency of the excited vibration while τ
corresponds to the typical lifetime of the phonons involved.17,22,23
In the case where the lifetime of the phonons is so short that ωτ ≪ 1 (the thermoelastic
regime) the phonons can be assumed to set a continuous uniform temperature field in the
resonator which is disturbed by the excited vibration.14 The resulting heat flows, caused by
the induced temperature gradients, lead to energy dissipation from the excited vibration.
In the context of nanomechanical systems, thermoelastic damping was studied in micro-
and nanomechanical resonators,13,23 as well as in nanotubes.24 If ωτ < 1 then the system
operates within the “Akhiezer regime”.14,18,25 Within this regime, which was also investigated
for nanomechanical resonators,13,26,27 the externally excited vibration can be regarded as a
macroscopic strain field that modulates locally the lattice constant of the material and, as
a result, the frequency of the thermal phonons of the resonator, thus driving them out of
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equilibrium. The process of restoring the local thermal equilibrium to the phonon population
results in the dissipation of energy from the excited vibration. Lastly, in this study we
concentrate on the “Landau-Rumer regime” where ωτ > 1.14,17,25
In the Landau-Rumer regime an externally excited vibration of a given frequency in the
nanomechanical resonator can be considered as an addition of phonons to a given mode or
modes of vibration of the resonator. The condition ωτ > 1 ensures that these added phonons
are damped by interaction with other individual well-defined phonons of the resonator that
are in thermal equilibrium.22,23 The interaction occurs due to the anharmonic nature of the
resonator, which can be treated within the framework of perturbation theory.17,22,23,28 Thus,
the lifetime of the phonons cannot be too short, which sets a limit on the damping caused
by the different dissipation mechanisms. This implies that in order to operate within the
Landua-Rumer regime one needs to consider a resonator that is only weakly coupled to
the outer environment, that is sufficiently clean, and that operates at a low temperature.
The fact that ballistic transport of phonons was observed in nanomechanical structures at
sufficiently low temperatures7 indicates that the Landau-Rumer regime could be reached in
nanomechanical resonators. There are also indications that the lifetime of certain vibrational
modes in ultrathin silicon membranes is determined by Landau-Rumer damping even at
room temperature.29
For nanomechanical resonators, the Landua-Rumer regime was studied theoretically—
mainly in carbon nanotubes30,31, nanowires,32 and atomic chains.26 However, in almost all
of these studies the vibrational modes of the resonator were assumed to be bulk-like, or at
least with a continuous spectrum, because one or more of the dimensions of the system were
taken to be effectively infinite. We consider a confined mesoscopic resonator, where the
vibrational modes are ideally discrete, which operates within the Landau-Rumer regime,
and study phonon-phonon damping in the presence of mechanical coupling to an outer
environment with a continuum of vibrational modes.
We examine phonon-mediated damping within a simple yet concrete physical model,
similar to that of Goldfarb,26 of a finite atomic chain, coupled to an outer environment.
Coupling to the outer environment leads to clamping-losses,15 namely to radiation of me-
chanical energy to the outer environment, which is unavoidable in many realistic systems.
Furthermore, in the absence of coupling to the outer environment, the spectrum of the vi-
brational modes of the finite atomic chain (or any other finite system) remains discrete,
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and the density of states (DOS) of the phonons consists of a sum of δ-function peaks. The
anharmonic interaction between such infinitely sharp phononic states does not lead to dissi-
pation, but rather to oscillations between the various states of the finite chain. Dissipation
can occur only because of an interaction with states that form a continuum. In a previous
study16 we considered the contribution of electron-phonon interaction to the damping of
phonons in metallic nanomechanical beams. There, the continuum of states was formed
by the electronic degrees of freedom. Here, since we consider phonon-phonon interaction
within the finite chain, the continuum of states needs to come from the phonons themselves.
The interaction with the outer environment broadens the phonon levels and their spectral
functions and changes the discrete DOS into a continuous one. Although we concentrate on
the study of a model for an atomic chain, our qualitative results should also apply to other
systems, such as nanoparticles and short nanowires or nanotubes, in which confinement of
phonons plays an important role.
Atomic chains or molecular wires, composed of several atoms ordered in a linear chain,
were manufactured in various configurations using several types of materials. Metallic
atomic chains suspended between two electrodes were manufactured from gold33,34 and
silver35 atoms. Mixing between different atomic species within the same linear chain was
also accomplished.36 In addition, artificially-made as well as self-assembled metallic atomic
chains formed on a surface were also fabricated using gold,36 palladium,37 platinum,38 and
bismuth,39 as well as semiconducting materials such as silicon and germanium (see the study
of Soukiassian40 and references therein).
Phonons in atomic chains and molecular junctions were studied mainly in the context
of their influence on electronic transport. The fingerprints of excited vibrational modes
in the electronic conductance of atomic chains were detected experimentally,41 and stud-
ied theoretically.42,43 Thermal transport through atomic chains was also studied, mainly
by employing noninteracting phonon models within a single-particle scattering Landauer-
like approach or classical molecular dynamics (see the study of Dubi and Di Ventra44 and
references therein). Only a limited number of studies examined the role of quantum phonon-
phonon scattering on thermal conductance through atomic chains.45–47 These studies involve
rather complex models, mainly due to the detailed description of the thermal baths and their
coupling to the atomic chain. Although we use a simple and less realistic model, it enables
us to easily incorporate the effects of the outer environment, and examine effects that arise
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from the finite size of the system.
The effect of phonon-phonon interaction on the lifetime of phonons in infinite 1d chains
was addressed in the 1960’s.48–51 In these studies, the contribution of only three-phonon
processes was considered within the framework of the lowest order perturbation theory.
Here we follow the same approach when we calculate the imaginary part of the self-energy
of the phonons of the finite chain that results from the phonon-phonon interaction, and
from it the damping rate of these phonons. The higher-order phonon processes, as well as
higher-order terms in the perturbation expansion of the three-phonon processes, can be of
importance. For example, in the bulk the simplest three-phonon events can be negligible
due to restrictions imposed by crystal-momentum and energy conservation laws. Therefore,
the lifetime of the phonons is determined by four-phonon or even five-phonon processes, as
well as by higher order terms in the perturbation theory of three-phonon processes.22,28
We restrict ourselves to zero temperature, which results in simpler analytical and numer-
ical expressions. Higher temperature leads to higher damping rates due to phonon-phonon
interaction. However, it also smears the effects of the discrete nature of the phonons. Fur-
thermore, the condition ωτ > 1 might be violated at high temperatures, and the resonator
would not operate within the Landau-Rumer regime. An additional simplification is intro-
duced by considering relatively short chains containing a few tens of atoms at most. We
expect the effect of the discrete nature of the DOS to be more pronounced in such short
chains. Furthermore, suspended atomic chains that are realized experimentally typically
contain only a few atoms.33–36 We consider a chain and an environment made of a semi-
conducting (at zero temperature, insulating) material, where there are no electron-phonon
contributions, in order to focus on the effects of phonon-mediated damping alone. We
obtain numerical results by using the relevant average physical properties of bulk silicon.
Using these parameters suffices for our purposes since we only want to study the qualitative
features of the damping, and do not aim for a realistic description of an atomic chain.
The structure of the article is as follows. In section II we describe our model of a finite
harmonic chain coupled to an outer harmonic environment, obtain the Green function and
spectral function of the broadened phonons of the finite chain, and present the qualitative
features of the clamping-losses. In section III, we introduce anharmonic phonon-phonon
interaction between the broadened phonons of the finite chain, calculate the imaginary
part of the self-energy of the phonons of the finite chain that results from the phonon-
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phonon interaction, and present numerical results that demonstrate the main features of the
additional damping. We summarize our results and conclusions in section IV.
II. A FINITE HARMONIC CHAIN COUPLED TO AN OUTER ENVIRONMENT
A. Eigenmodes of an infinite chain with two heavy masses
We consider an infinite chain placed along the x axis with atoms of mass ma and lattice
spacing d. We fix the origin (n = 0) at the middle site of the finite chain. The atoms at
the sites n = ±n0 are replaced with heavier atoms with mass Ma. The finite atomic chain
is therefore located between |n| < n0, and the heavy masses act as clamps that couple the
finite chain to the two semi-infinite chains that form the outer environment. We assume a
nearest-neighbor interaction between the atoms, which is taken to be the same whether it
acts between two identical atoms or between an atom and one of the clamps. The coupling
between the finite chain and the two external semi-infinite chains can be tuned by changing
the mass ratio r =Ma/ma.
The entire infinite chain can vibrate in three directions—in the longitudinal x direction,
along the chain, and in the transverse y and z-directions, i.e. perpendicular to the chain.
The potential energy of the chain consists of a harmonic part U2 and an anharmonic part
U3. The harmonic term is
U2 =
1
2
∑
n,α
φα (uα(n+ 1, t)− uα(n, t))2 , (1)
where uα(n, t) is the displacement of the n
th-atom from its equilibrium position in the
α = x, y, z direction, and φα are the harmonic force constants. The kinetic energy term is
T =
∑
n 6=±n0,α
1
2
ma (∂tuα(n, t))
2 +
1
2
Ma
[
(∂tuα (n0, t))
2 + (∂tuα (−n0, t))2
]
, (2)
and the harmonic part of the Hamiltonian of the entire infinite chain is
H2 = U2 + T. (3)
The harmonic force constants are calculated from bulk silicon longitudinal and transverse
speeds of sound, cl and ct respectively, using the relation cl,t = d
√
φl,t/ma, where φl = φx
and φt = φy = φz. The eigenmodes and eigenfrequencies that result from the Hamiltonian
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(3) are readily calculated (see, for example, the study by Fukuda52 for the calculation of
the eigenfrequencies in the general case where r can be smaller than 1). For the sake of
completeness, we give here the detailed results.
The Hamiltonian H2 of Eq. (3) yields equations of motion that possess eigenmode solu-
tions of the form
Ψk,α(n, t) = Ψk,α(n)e
iωk,αt, (4)
where the modes Ψk,α(n) are composed of left and right moving plane waves. We choose the
eigenmodes to be real functions of n, and express them using symmetric and antisymmetric
functions Ψk,p,α(n), where the p = s or p = a denotes the parity of the eigenmode
Ψk,p,α(n) =
Bk,p√
N


(
δk,pe
ikdn + ǫk,pe
−ikdn) , n0 ≤ n,(
eikdn ± e−ikdn) , −n0 ≤ n ≤ n0,
± (ǫk,peikdn + δk,pe−ikdn) , n ≤ −n0.
(5)
The upper (lower) sign in Eq. (5) corresponds to the symmetric (antisymmetric) solution,
and N is the total number of atoms in the entire chain (including the two outer chains)
which is taken to be a large number that tends to infinity.
By substituting either the symmetric or antisymmetric solutions in the equations of mo-
tion we obtain a dispersion relation that is identical to the one obtained for a homogenous
infinite chain
ωk,α = ω0,α
∣∣∣∣sin 12kd
∣∣∣∣ , (6)
where ω0,α = 2
√
φα
ma
.
The continuity condition of the solution at n = n0, together with the equation of motion
at n = n0, and the dispersion relation (6) determine the ratios
δk,p = −i(r − 1) tan
(
kd
2
)(∓e−2in0kd − 1)+ 1 (7)
and
ǫk,p = −i(r − 1) tan
(
kd
2
)(
e2in0kd ± 1)± 1, (8)
where, again, the upper (lower) sign in Eqs. (7) and (8) corresponds to the symmetric
(antisymmetric) solution. In the limit of r = 1 Eqs. (7) and (8) lead to δk,p = 1 and
ǫk,p = ±1, as expected for a homogeneous infinite chain.
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The quantized displacement field is given by
uˆα(n) =
∑
k,p
√
~
2maωk,α
Ψk,p,α(n)Ak,p,α, (9)
where
Ak,p,α = ak,p,α + a
†
k,p,α, (10)
and ak,p,α (a
†
k,p,α) annihilates (creates) a phonon of the infinite chain with a wave number
k, parity p, and polarization α. In Eq. (9) the eigenmodes Ψk,p,α(n) are the dimensionless
wave-functions of the phonons of the infinite chain, normalized according to
∑
n
|Ψk,p,α(n)|2 = 1. (11)
The normalization condition Eq. (11) determines the normalized coefficient Bk,p
Bk,p =
1− (1 + i)δ(p, a)√
|δk,p|2 + |ǫk,p|2
, (12)
where δ(p, a) is equal to 0 if p = s and to 1 if p = a.
B. Effect of clamping-losses
We want to examine the damping of vibrations confined to the finite chain by clamping-
losses. In order to do so we consider the eigenmodes of a perfectly clamped finite chain, i.e.
with u (±n0, t) = 0. These modes are not eigenmodes of the full infinite-chain Hamiltonian
H2 defined in Eq. (3), and therefore their lifetime is finite. The finite lifetime is expressed
as a broadening of the spectral function of the phonons of the finite chain.
The normalized eigenmodes of a finite chain of 2n0 − 1 atoms are
ψm,α(n) =


1√
n0
cos (qmdn), m = 1, 3, . . . , 2n0 − 1
1√
n0
sin (qmdn), m = 2, 4, . . . , 2n0 − 2
(13)
where qm = mπ/2n0d, and ψm,α(n) = 0 for |n| ≥ n0. The modes with odd m are symmetric,
while modes with even m are antisymmetric. The quantized displacement field within the
finite chain is
uˆfinα (n) =
∑
m
√
~
2maωm,α
ψm,α(n)Am,α, (14)
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where
Am,α = am,α + a
†
m,α. (15)
The operator am,α (a
†
m,α) annihilates (creates) a phonon in an eigenmode of the perfectly
clamped finite chain. Similarly to the quantized field in Eq. (9), the eigenmodes ψm,α(n)
in Eq. (14) are dimensionless wave-functions of the phonons of the finite chain, which are
normalized according to the condition
n0−1∑
n=−(n0−1)
|ψm,α(n)|2 = 1. (16)
The Green function of the phonons of the finite chain at zero temperature, written in the
Lehmann representation,53,54 is
D0m,α(ω) =
∑
k,β
|〈1k,p,β|Am,α |0〉|2 1
~
(
1
ω − ωk,α + iǫ −
1
ω + ωk,α − iǫ
)
, (17)
where ǫ is an infinitesimally small quantity that tends to zero at the end of the calculation, |0〉
is the ground state (zero-phonon state) of the finite chain, and |1k,p,β〉 is a state of the entire
infinite chain with a single excited phonon of wave number k, parity p, and polarization β.
The expression for the Green function of Eq. (17) is obtained directly from the definition
of the zero-temperature Green function D0m,α(ω) = −i 〈0|TAm,α(t)Am,α(t′) |0〉, where T is
the time-ordering operator.53 The retarded Green function D0,retm,α (ω) is obtained by replacing
the −iǫ in the second term in the brackets in Eq. (17) with +iǫ. The matrix elements of
the operator Am,α that appear in Eq. (17) are given by the overlap within the finite chain
between the wave function of the mode of the finite chain 〈n|Am,α |0〉 and the wave function
of the mode of the entire infinite chain 〈n|1k,p,β〉
〈1k,p,β|Am,α |0〉 =
n0−1∑
n=−(n0−1)
ψm,α (n) Ψk,p,β(n). (18)
The matrix elements vanish unless the excited phonon of the finite chain has the same
polarization and parity as the phonon of the infinite chain. Thus α = β, while p = s if the
mode number m is odd and p = a if m is even. From now on we drop the parity index p of
the modes of the infinite chain since it is determined by the mode number m of the mode
of the finite chain.
The phonon spectral function Fm,α (ω) is defined as
53
Fm,α (ω) ≡ −2Im
[
lim
ǫ→0
D0,retm,α (ω)
]
. (19)
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Taking the limit ǫ→ 0 of Eq. (19) and calculating the imaginary part of the result we obtain
Fm,α (ω) =
2π
~
∑
k
|〈1k,α|Am,α |0〉|2 [δ (ω − ωk,α)− δ (ω + ωk,α)] . (20)
We use a dimensionless frequency Ω = ω/ω0,α, and give our results in terms of the dimen-
sionless spectral function fm (Ω) = Fm,α(ω/ω0,α)× ~ω0,α.
We insert the expressions for ψm,α (n), given in Eq. (13), and for Ψk,p,α(n) (between the
clamps |n| < n0), given in Eq. (5), into the expression (18) for the matrix elements. We
then change the sum in Eq. (20) into an integral, use the dispersion relation (6) to change
the δ functions in Eq. (20) into δ function of the wave number k, and obtain
fm (Ω) =


sign(Ω)4|〈1κ,α|Am,α|0〉|
2
√
1−Ω2 , |Ω| < 1
0, |Ω| > 1,
(21)
where κ = 2 sin−1Ω. In Eq. (21) and from now on whenever a matrix element of the form
〈1κ,α|Am,α |0〉 appears, it is multiplied by
√
N which cancels the normalization factor 1/
√
N
that normalizes the wave functions of the phonons of the entire chain in Eq. (5). This
normalization factor cancels when changing a sum over k into an integral. The spectral
function is therefore
fm (Ω) = sign(Ω)
4√
1− Ω2
|Bκ|2
n0
gm (κ) , (22)
where
gm (κ) =
[
sin (2n0Θ
−
m) sin (qmd)
2 sin (Θ−m) sin (Θ+m)
]2
, (23)
Θ±m = (qmd± κ) /2, and Bκ is the coefficient given in Eq. (12) with the parity index p
dropped. The dimensionless spectral function (22) is independent of the material parameters
and polarization, and is fully determined by the mode number m and the ratio r.
For chains and mass ratios r considered in this study, most of the broadened spectral
functions can be approximated rather well by a Lorentzian normalized to 2π
fm (Ω) ≃ 2Γ
c
m
(Ω− Ω∗m)2 + (Γcm)2
. (24)
The center Ω∗m of the Lorentzian coincides with the center of the main peak of fm (Ω), and
Γcm is half the width at half the maximum of the main peak. The dimensionless frequency
Ω∗m corresponds to the shifted frequency of the eigenmode, while (2Γ
c
m)
−1 gives the finite
lifetime of the mode owing to clamping-losses. We use the quality factor
Qcm =
Ωm
2Γcm
, (25)
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as a measure of the damping of the vibrational modes of the finite chain due to clamping-
losses. The spectral functions of the low-frequency phonons deviate from the Lorentzian
approximation, a deviation that becomes more severe as the frequency of the mode is lowered
and the ratio r is decreased. Note that our calculation is not restricted to the weak coupling
regime, where the Lorentzian approximation is applicable, and the resulting Green functions
and spectral functions can be used for any value of r.
C. Clamping-losses – results and discussion
The broadening of the discrete modes of the finite chain is necessary in order to consider
the damping due to phonon-phonon interaction within the finite chain. Thus the entire
analysis of the clamping-losses can be considered as a preliminary stage to the study of the
damping induced by the phonon-phonon interaction, and should not be taken as a serious
attempt to evaluate the clamping-losses for a realistic system. Nevertheless, although we
use a simple model, the features of the resulting spectral function are not completely trivial.
Therefore, in this section we describe in some detail these features and their origin.
We consider a chain with n0 = 10 and r = 5, for which we plot in Fig. 1 the dimensionless
spectral function of the lowest five, longitudinal or transverse, modes. The results are plotted
as a function of κ rather than Ω = sin κ
2
. Fig. 1 demonstrates the improvement in the
Lorentzian approximation for the spectral function with the increase in the mode number.
A more detailed comparison of the Lorentizan approximation to the exact spectral function
is shown in Fig. 2 for the mode m = 4.
The spectral function (22) is controlled mainly by two factors—the squared coefficient
|Bκ|2 and the function gm (κ). The behavior of |Bκ|2 is largely determined by the fact that
unless κ approximately matches one of the wave numbers of the finite chain the vibration of
the atoms within the finite chain is small. However, around resonance wave numbers, which
are approximately located at κ = qmd, peaks of a Lorentzian shape in |Bκ|2 are formed. In
Fig. 3 we demonstrate the structure of |Bκ|2 by plotting it for the chain n0 = 10, r = 5.
In addition, in order to obtain a nonvanishing value of the spectral function the function
gm (κ) of Eq. (23) cannot be too small. This function describes the overlap between the
mode of the infinite chain with a wave number κ, and the eigenmode of the finite chain
with a wave number qmd. The general structure of gm (κ) consists of a main peak located
11
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FIG. 1. (color online) The dimensionless spectral functions of the 5 lowest vibrational modes of a
finite chain with n0 = 10 (19 atoms) and r = 5.
approximately at k0 = qm, due to constructive interference occurring when the the two
modes are synchronized, and much lower secondary peaks. Half the distance between the
two minima of g(κ) closest to the main maximum is equal to π/n0, which is also the distance
between adjacent modes of equal parity. Thus, gm (κ) selects mainly the resonance in |Bκ|2
that is located around κ ≃ qmd. In Fig. 4 we demonstrate these features of gm (κ) for several
modes of the chain with n0 = 10 and r = 5.
Therefore, the main contribution to the spectral function of a given mode is due to the
resonance of |Bκ|2 around κ ≃ qmd, and the quality of the Lorentzian approximation is, to
a large extent, determined by the amount of overlap with the adjacent resonances of |Bκ|2.
If the widths of the resonances are small compared to the distance between them then the
contribution from the adjacent resonances is small and the spectral function of the mode
is narrow and Lorentzian-like. Changes in parameters such as m, n0, and r can improve
or worsen the quality of the Lorentzian approximation. In the present study we consider
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FIG. 2. A comparison between the exact dimensionless spectral function of the mode m = 4 of the
same chain that is considered in Fig. 1 and its Lorentizan approximation.
modes and chains for which the damping due to the environment is sufficiently small so the
Lorentzian approximation is valid. Thus, the effect of the finite size of the chain is well
pronounced and it influences the damping that results from the phonon-phonon interaction
that we consider in the next section. The applicability of the Lorentzian approximation also
allows us to describe the clamping-losses using a single constant—the quality factor Qcm.
However, for the chains considered here the Lorentizan approximation fails for the lowest
vibrational mode m = 1, as the tail of the spectral function near Ω = 0 is higher than the
peak at Ω∗qm=1 and the width of the spectral function is comparable with Ω
∗
qm=1
. Therefore,
we usually do not discuss the damping due to phonon-phonon interaction of phonons in
the lowest vibrational mode interaction, which in any case is very small compared to the
clamping-losses. The large tail at Ω = 0 occurs due to the ease in which long wavelength
modes of the infinite chain penetrate into the finite chain, combined with the fact that the
main peak of gm=1 (κ) is located at κ = 0 due to the almost rigid translation of the finite
13
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FIG. 3. The three lowest resonances of the squared amplitude |Bκ|2 for both symmetric and
antisymmetric modes.
chain in the limit κ→ 0.
III. ANHARMONIC INTERACTION WITHIN THE FINITE CHAIN
A. Anharmonic Hamiltonian
We consider anharmonic phonon-phonon interaction that is restricted to the finite atomic
chain. We use the Green function of the previous section in order to incorporate the effect of
the outer environment into the calculation of the damping. We take into account the lowest
order nearest-neighbor anharmonic potential U3 within the finite chain
U3 =
1
6
∑
α,β,γ
n0−1∑
n=−n0
φαβγ
[
ufinα (n + 1, t)− ufinα (n, t)
] [
ufinβ (n+ 1, t)− ufinβ (n, t)
]
× [ufinγ (n+ 1, t)− ufinγ (n, t)] (26)
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FIG. 4. (Left, color online) The function gm (κ) of the modes m = 1, m = 3 and m = 7 of a chain
with n0 = 10 and r = 5, plotted together with |Bκ|2 for symmetrical modes. The function |Bκ|2
is multiplied by 35 in order to facilitate the comparison between the location of the main peak of
gm (κ) and the location of the resonances |Bκ|2. (Right) The function gm (κ) for m = 7 shown on
its own in order to highlight the structure of the secondary peaks.
where φαβγ are the cubic anharmonic nearest-neighbor force constants, and
ufinα (n, t) =
∑
m
ψm,α (n) e
iωm,αt (27)
is the displacement field within the clamped finite chain, with ψm,α (n) given by Eq. (13). As
a result, we consider the effect of only three-phonon processes while higher order processes are
neglected. The anharmonic interaction U3 induces an additional damping of the vibrational
modes of the finite chain in addition to the damping caused by clamping-losses. As for
clamping-losses, the damping due to three-phonon processes is due to the fact that the
modes of the finite chain are not eigenmodes of the full Hamiltonian of the system when U3
is included in it. The externally added phonons again decay into a continuum, which, in the
case of the phonon-phonon interaction, is formed by the phonons themselves.
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We insert the quantized displacement field (14) into Eq. (26) and obtain
U3 =
1
6
∑
α,β,γ
φαβγ
∑
m1,m2,m3
(
~
2ma
) 3
2 1√
ωm1,αωm2,βωm3,γ
Am1,αAm2,βAm3,γ
×
n0−1∑
n=−n0
(ψm1,α (n+ 1)− ψm1,α (n)) (ψm2,β (n + 1)− ψm2,β (n))
× (ψm3,γ (n + 1)− ψm3,γ (n))
=
∑
α,β,γ
∑
m1,m2,m3
Hm1m2m3αβγ ∆(m1, m2, m3)Am1,αAm2,βAm3,γ, (28)
where
Hm1m2m3αβγ =
2φαβγ
3
√
n0
(
~
2ma
) 3
2
√
ωm1,αωm2,βωm3,γ
ω0,αω0,βω0,γ
, (29)
and the summation over the atomic sites (the index n) in Eq. (28) results in momentum
conservation, which is expressed by the function
∆ (m1, m2, m3) = (δm1−m2+m3,0 + δm1+m2−m3,0 + δm1−m2−m3,0 + δm1+m2+m3,4n0) , (30)
where the first three Kronecker δ functions reflect momentum conserving three-phonon pro-
cesses, and the fourth represents an umklapp process.
We estimate the value of the cubic force constants φαβγ using the quadratic force constants
φα and their relation to the Gruneisen parameters γα in a linear chain
26,28
γα =
d
2
φxαα
φα
. (31)
In light of our simplified treatment and our rough estimate of the anharmonic force constants,
we use a single averaged third order force constant when carrying out the actual numerical
calculations.
B. Damping due to phonon-phonon interaction
We calculate the imaginary part of the self-energy (IPSE) of the phonons of the finite
chain, using the Green function given in Eq. (17) which incorporates the effect of the cou-
pling to the environment. The IPSE is calculated to the lowest order in the three-phonon
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processes,53 as shown in the diagram in Fig. 5
Γphm1,α (ω) =Im
[
lim
ǫ′→0
lim
ǫ→0
−i9~
π
∑
β,γ
∑
m2,m3
∆(m1, m2, m3)
×
∫
dω
′
∣∣Hm1m2m3αβγ ∣∣2D0m2,β (ω′)D0m3,γ (ω + ω′)
]
, (32)
where the infinitesimal factors ǫ and ǫ′ refer to the Green functions D0m2,β
(
ω
′
)
and
D0m3,γ
(
ω + ω
′
)
, as given in Eq. (17).
FIG. 5. The lowest order correction to the self-energy of the phonons due to three-phonon processes.
Each line in the diagram corresponds to a Green function D0 that is defined in Eq. (17), with
momentum, frequency, and polarization as labeled in the diagram.
We characterize the damping of the vibrational modes by the value of the IPSE at ω∗m,α.
In using this approximation we neglect the shift of the frequencies of the modes due to the
phonon-phonon interaction, and assume that the entire IPSE can be replaced by its value
at the nonrenormalized frequency ω∗m,α. We therefore assume that the spectral function of
the phonons in the presence of the phonon-phonon interaction can still be approximated as
a Lorentzian whose peak is located at ω = ω∗m,α. This assumption is commonly used in the
calculation of the lifetime of phonons in bulk systems20,48,51 as well as in nanomechanical
systems.31 Thus, the contribution of the phonon-phonon interaction to the damping is given
by (
Qphm,α
)−1
=
2Γphm,α
(
ω∗m,α
)
~ω∗m,α
, (33)
where ω∗m,α corresponds to the frequency that maximizes the spectral function (22). If the
Lorentzian approximation fails, then one needs to evaluate the spectral function in order to
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describe the damping of the vibrational mode, for which one requires both the frequency
dependent real and imaginary parts of the self-energy. We note that if only the damping
due to clamping-losses is taken into account then the condition for operating within the
Landau-Rumer regime holds, in the chains considered here, for the decay processes which
significantly contribute to
(
Qphm,α
)−1
.
We insert the expression for the Green function of the phonons given in Eq. (17) into Eq.
(32) and perform the integral over ω
′
by means of contour integration, where only terms with
one pole above and one pole below the real axis contribute to the final result. We change
the sums over k and k′ into integrals, take the limits ǫ, ǫ′ → 0 and then the imaginary part
of the result, obtaining
Γphm1,α (ω) =
9d2
2π
∑
β,γ
∑
m2,m3
∆(m1, m2, m3)
∣∣Hm1m2m3αβγ ∣∣2
×
∫ pi
d
−pi
d
∫ pi
d
−pi
d
dkdk′ |〈1k,β|Am2,β |0〉|2 |〈1k′,γ|Am3,γ |0〉|2
× [δ (ω − ωk,β − ωk′,γ)− δ (ω + ωk,β + ωk′,γ)] . (34)
Since we are interested in positive values of ω, only the first δ function contributes to the
IPSE.
Using the dispersion relation (6) of the modes of the infinite chain we obtain
dk
dωk,α
=
2
d
1√
ω20,α − ω2k,α
, (35)
which is used to change the integral over the wave numbers k and k′ in Eq. (34) into integrals
over the corresponding frequencies ωk and ωk′. We perform the integral over ωk and obtain
the final expression for the IPSE
Γphm1,α (ω) =
72
π
∑
β,γ
∑
m2,m3
∆(m1, m2, m3)
∣∣Hm1m2m3αβγ ∣∣2
×
∫ ωk,max
ωk,min
dωk
|〈1ω−ωk,β|Am2,β |0〉|2√
ω20,β − (ω − ωk)2
|〈1ωk,γ|Am3,γ |0〉|2√
ω20,γ − ω2k
, (36)
where ωk,max = min [ω0,γ, ω] and ωk,min = max [0, ω − ω0,β], and we changed the integration
variable in Eq. (36) from ωk′ to ωk. The limits of integration ωk,min and ωk,max ensure that
the arguments of the square-roots in Eq. (36) are positive.
18
The expression in Eq. (36) is a sum over convolutions of pairs of spectral functions of the
type appearing in Eq. (22). Each convolution represents a decay of the original phonon of
a wave number qm1 , frequency ω, and polarization α into a phonon with a spectral function
that is centered around ω∗m3,γ and a second phonon with a spectral function that is centered
around the shifted frequency ω − ω∗m2,β. A maximal overlap between the spectral functions
occurs if their peaks are at the same position, namely ω∗m3,γ = ω−ω∗m2,β. In other words, in
order to obtain a significant contribution from one of the terms in Eq. (36) it is necessary
for the decay process to approximately conserve energy. Damping is especially large if the
resulting phonons in a decay process that approximately conserves energy possess spectral
functions with similar shapes, which means that their mode numbers cannot be too much
separated one from the other.
C. Phonon-phonon interaction – results and discussion
We demonstrate the effect of the approximately discrete nature of the phonon states on
the damping due to phonon-phonon interaction by evaluating the damping as a function of
three parameters—the mode numberm of the excited mode, the ratio between the transverse
and longitudinal speeds of sound R =
√
φt/φl = ct/cl, where 0 < R < 1, and the number of
atoms 2n0−1 in the finite chain. Varying each parameter, we observe peaks or resonances in
the damping of the excited mode whenever an energy-conserving decay process is possible.
The inability to fulfill energy conservation for most of the modes, resulting in low
(
Qphm,α
)−1
,
is due to the discrete-like nature of the finite-chain modes, which are still resolved if the
coupling to the infinite chain is sufficiently weak. Thus, the resonances in
(
Qphm,α
)−1
are a
reflection of the effect of the finite size of the chain on its vibrational modes. We found similar
peaks and resonances in the damping, although of a somewhat different origin, in the study of
electron-phonon damping in metallic nanomechanical beams.16 Resonances in the dissipation
were also observed experimentally, but in a different system and regime of operation, by
tuning the frequency of the fundamental flexural mode of a thin SiN membrane.55
Since the transverse branches lie below the longitudinal branch, it is impossible for any
transverse phonon in a linear chain [i.e. with a dispersion relation that is given by Eq. (6)] to
decay into two phonons while simultaneously conserving momentum and energy.26,28 Thus,
the damping of transverse modes does not exhibit sharp peaks. On the other hand, the
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energy conservation equation,
∣∣sin κ1
2
∣∣ = ∣∣sin κ2
2
∣∣+R ∣∣sin κ3
2
∣∣, for a decay process of the type
l → l + t, can be solved while simultaneously conserving momentum, if κ2,3 are continuous
wave numbers.26,28 The same is true also for decay processes of the type l → t + t. This
opens the possibility for an almost exact energy conservation in the decay of some sufficiently
high-frequency longitudinal modes, which can lead to larger damping. Note that from now
on we use l to denote the longitudinal polarization while the letter t is used to denote either
the y or z transverse polarizations.
In order to obtain numerical results for the contribution of phonon-phonon interaction to
the damping we use average material properties of bulk silicon, given in Table I. We again
point out that we use these parameters in order to obtain rough qualitative estimates, and
they by no means reflect the exact properties of an actual silicon atomic chain.
cl 8.5× 103 msec
ct 5.9× 103 msec
d 0.5nm
γl 1.1
γt 0.32
TABLE I. Averaged material properties of bulk silicon used for calculating the results in section
IIIC.56
We consider once again a chain with n0 = 10 and r = 5 and present
(
Qphm,α
)−1
of the
longitudinal and transverse modes of the chain in Fig. 6. The sharp peaks in the dissipation
for the longitudinal modes with m = 9, 12, 15, and 18 are due to decay processes that
approximately conserve energy. For example, for m = 18 the damping of the excited phonon
is dominated by the process [m = 18, α = l] → [m = 13, β = l] + [m = 5, γ = t] and the
umklapp process [m = 18, α = l] → [m = 16, β = t] + [m = 6, γ = t], both of which
approximately conserve energy. A second example for the same behavior is given in Fig. 7
for a shorter chain with a larger r ratio (less clamping-losses).
Low-frequency phonons cannot decay while fulfilling the energy conservation requirement.
Furthermore, most decay processes of such phonons do not contribute much to
(
Qphm,α
)−1
since they involve a decay into two phonons of which at least one is more energetic than the
energy of the excited mode. As the energy of the excited mode increases with the increase
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FIG. 6. Damping due to phonon-phonon interaction of the longitudinal and transverse modes of a
chain with n0 = 10 (19 atoms) and r = 5.
in m, the number of processes that involve a decay into two less energetic phonons increases.
This leads to the general trend of a gradual increase in
(
Qphm,α
)−1
with the increase in m.
In Fig. 8 we compare the contribution of clamping-losses to the damping of a given mode
to the damping caused by phonon-phonon interaction. As the mode number increases,
the damping due to clamping-losses decreases, while the damping due to phonon-phonon
interaction increases. This usually means that for a certain mode number the damping due
to phonon-phonon interaction becomes more important than the clamping-losses, even in the
absence of a decay process that approximately conserves energy. However, the decrease in
clamping-losses with the increase in the mode number may well be related to the specific type
of outer environment we chose in our model, and its coupling to the finite chain. Thus, the
importance of the damping of a specific mode due to phonon-phonon interaction compared
to other dissipation mechanisms, and specifically clamping-losses, may strongly depend on
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FIG. 7. Damping due to phonon-phonon interaction of the longitudinal and transverse modes of a
chains with n0 = 5 and Ma/ma = 15.
the system under consideration.
Damping of a given mode can be controlled by changing the ratio R. Changing R might
be achieved by stretching the chain, which is likely to induce a larger modification in cl than
in ct. Thus, in the decay processes of the type l → t + t or l → l + t, the change in R
can change the sum of the energies of the resulting phonons compared to the energy of the
excited mode. This can improve or worsen the energy conservation of a decay process and
thus increase or decrease its contribution to
(
Qphm,α
)−1
. Such manipulation can affect the
energy conservation in a decay process only if at least one of the product phonons is of a
different polarization from that of the excited mode. Except for the separate influence of
ct and cl on the anharmonic force constants through Eq. (31), only the ratio between the
transverse and longitudinal speeds of sound affects
(
Qphm,α
)−1
.
In Fig. 9 we demonstrate the resonance structure in the damping of the 18th longitudinal
mode that is obtained when R is varied. Each of the peaks in Fig. 9 corresponds to one
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FIG. 8. The ratio between damping due to phonon-phonon interaction and damping due to
clamping-losses for longitudinal and transverse modes of the chain considered in Fig. 6.
or two decay processes that become almost energy-conserving and therefore dominate the
damping. For example, the approximately equally-spaced peaks that we find for small values
of R correspond to the umklapp processes [m = 18, α = l]→ [m = 15, β = t]+[m = 7, γ = t],
[m = 18, α = l]→ [m = 14, β = t] + [m = 8, γ = t], and so on.
The frequency of the longitudinal mode needs to be sufficiently large compared to the
frequency of the modes of the transverse branch in order for an energy-conserving decay
process to be possible. Thus, as R increases above a certain value (R & 0.9 in Fig. 9) energy
conservation becomes impossible and no peaks in the dissipation are observed. On the other
hand, if R is too small (R . 0.05 for the mode considered in Fig. 9) the longitudinal mode is
too energetic compared to the transverse modes and again energy conservation is impossible.
Lastly, we also consider
(
Qphm,α
)−1
as a function of the number of atoms in the chain. The
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FIG. 9. The damping due to phonon-phonon interaction of the 18th longitudinal mode of the chain
considered in Fig. 6, is shown as a function of the ratio R = ct/cl. The material parameters given
in Table I result in R ≈ 0.69. The two peaks located between R ≈ 0.05 and R ≈ 0.1 are not shown.
inverse quality factor of the 19th longitudinal and transverse modes as a function of n0 is
shown in Fig. 10. The change in the length of the chain shifts the frequencies of the phonon
in the excited mode and of the phonons into which it decays, and therefore it changes the
condition for energy conservation in existing decay processes. This might turn a process that
does not conserve energy into one that approximately does, thus causing a large increase in
the damping. This is demonstrated by the sharp increase in the damping in the chain with
n0 = 11, where the umklapp decay process [m = 19, α = l]→ [m = 19, β = t]+[m = 6, γ = t]
approximately conserves energy. In addition, by increasing the length of the chain, we
introduce additional decay processes that might approximately conserve energy. This is the
case for the peak in
(
Qphm,α
)−1
at n0 = 14, where energy conservation is improved for the
process [m = 19, α = l]→ [m = 24, β = t] + [m = 5, γ = t], which is absent up to n0 = 13.
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As n0 is increased beyond a certain value, energy conservation in the additional processes
becomes impossible since the frequency of the excited mode becomes lower than the max-
imal frequency of the transverse branch. Thus, peaks in the damping are not observed for
sufficiently long chains. Also, the anharmonic coupling coefficient Hm1m2m3αβγ given in Eq.
(29) tends to zero, as n0 increases for a given decay process of an excited mode with a fixed
mode number. This leads to the vanishing of
(
Qphm,α
)−1
at large n0 that can be seen in Fig.
10.
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FIG. 10. (Left) Damping due to phonon-phonon interaction of the 19th longitudinal and transverse
modes in chains with r = 5, when the number of the atoms of the chain is varied from the shortest
chain that supports the mode (n0 = 10) and up to n0 = 100. (Right) Zoom-in on chains with
n0 = 10− 30.
IV. SUMMARY AND CONCLUSIONS
We have studied damping due to phonon-phonon interaction within a finite atomic chain
coupled by two heavy masses to two semi-infinite chains that form a continuum of external
environment states. In addition to the simplicity of the model we used, our calculation
also involved several additional restrictions and approximations: (1) The entire calculation
was restricted to zero temperature; (2) only three-phonon processes were taken into account
(3) the system was assumed to operate within the Landau-Rumer regime (ωτ > 1); (4)
the Lorentzian line-shape approximation for the spectral function was assumed to hold in
the presence of the phonon-phonon interaction; (5) numerical results were obtained for the
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damping due to phonon-phonon interaction using averaged material parameters of bulk
silicon.
Sharp peaks are formed in the damping caused by the phonon-phonon interaction as
different parameters that characterize the excited mode or the finite atomic chain are var-
ied. This behavior reflects the originally discrete nature of the vibrational modes, which
is approximately maintained in the presence of a sufficiently weak coupling to the outer
environment. The peaks in the damping appear when at least one of the decay processes
of the phonon in the excited mode approximately conserves energy. Since we considered
a longitudinal branch that lies above the transverse one, such decay processes are possible
only for some sufficiently high-frequency longitudinal phonons. Nevertheless, even though
the damping of most modes is governed by processes that do not conserve energy, their
cumulative contribution can still result in non-negligible damping. Within the framework
of our simplified model this damping can exceed the one obtained from clamping-losses.
The inclusion of higher-order phonon processes might result in the appearance of decay
processes that approximately conserve energy, which are absent if only three-phonon pro-
cesses are taken into account. This might lead to less pronounced peaks in the dissipation.
Nevertheless, we expect that the basic structure of the damping will be maintained even if
higher-order phonon processes are present since it reflects the approximately discrete nature
of the spectral function of the phonons of the finite chain.
Our simple model can be used to study analytically, at least qualitatively, to what extent
the damping due to phonon-phonon interaction within a finite system is sensitive to the
details of the coupling to the outer environment, by considering different types of coupling
and clamps. The dependence on temperature (as long as the system remains within the
Landau-Rumer regime) can also be studied by repeating our calculation using the finite-
temperature Green function formalism.
We expect that the qualitative features of the damping due to phonon-phonon interaction
that we demonstrated in this study are quite general as long as the spectral function of
the phonons is approximately discrete. Thus, we expect the sensitivity of the damping to
changes in parameters to be present in other types of systems so long as those systems
are sufficiently small, are only weakly coupled to an outer environment, with other internal
dissipation mechanisms (such as electron-phonon interaction) being unimportant, and at a
sufficiently low temperature. Such systems may include ultrasmall dielectric nanoparticles
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and sufficiently short non-metallic nanotubes or nanowires.
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